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is no mixing between the Collinear, soft and non-commutative IR 
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1 Introduction 



Non-commutative field theories have received a great deal of attention [1]. 
The non-commutativity has also been studied phenomenologically in both 
high and low energy experiments [2]. These theories, however, suffer from 
certain shortcomings. Field theories with space-time non-commutativity, for 
example, do not have a unitary S'-matrix [3]. The extra branch cuts, in theses 
theories, are developed in the loop diagrams which are responsible for the 
failure of the cutting rules and lack of unitary S'-matrix. It seems that we 
can save unitarity at the expense of enlarging the Hilbert space of asymptotic 
states, similar to making the S'-matrix of open string theory unitary by 
introducing the closed-string states jl]. The UV/IR mixing observed by 
Minwalla et al [5] appears to be the main qualitative difference between 
conventional and non- commutative perturbation field theories. In general, 
for any non- commutative field theory, the loop diagrams can be classified 
in the so-called planar and non-planar graphs. Perturbative calculations 
have shown that the planar diagrams contain exactly the same ultraviolet 
divergencies as their commutative counterparts do. It has been found that 
there is an intriguing mix of ultraviolet and infrared scales in the non-planar 
diagrams. This is what is known as UV/IR mixing, which is a general 
feature of the non-commutative field theories [1,5]. For example, in the non- 
commutative $^ theory it has been found that the effective action has a 
singularity at p = {p = p9) that can be interpreted as an IR divergence 
at fixed 6' or as a non-analytic behavior in the ^ — at fixed p [5-7]. 
The UV/IR mixing in the case of gauge theories also shows some specific 
features [8-12]. It has been shown that in the non-commutative QED, a new 
IR divergence (non-commutative IR divergence) appears [H]. These non- 
commutative IR divergences are different from IR (soft) divergences which 
are related to the existence of massless photons in theory. It has long been 
known that the soft divergences occurring in QED can be canceled out in 
transition rates or cross sections computed for detectors with finite energy 
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resolution: the soft divergences which occur in a scattering process due to the 
emission of an undetected soft real photons with total energy < Ei exactly 
cancel out the soft divergences due to virtual photon corrections order by 
order in perturbation theory. This cancellation was first shown by Bloch 
and Nordsieck |Tnj in QED and is referred to as Bloch-Nordsieck theorem. 
In ordinary (commutative) Yang-Mills theories just as in QED, there exist 
IR (soft) divergences due to massless gluons. In these theories, in addition 
to the soft divergences, the collinear divergences occur [14]. This kind of 
divergence is due to the presence of triple gluon vertex. In external lines, 
gluon can decay into two collinear gluons that leads to collinear divergences. 
In spite of this, it is believed that the soft collinear divergencies in Yang- 
Mills theories are canceled out order by order in perturbation theory if the 
physical cross section is calculated [15,16]. This has been guaranteed by the 
theorems of Kinoshita |T7j and of Lee and Nauenberg ^H] known as KLN 
theorem which states that the transition rates are free of the collinear and 
soft divergencies if we sum over initial and final states. This theorem is a 
fundamental quantum mechanical theorem on the basis of unitarity of S- 
matrix. A great many studies have investigated the cancellation of collinear 
and soft divergences at one-loop and two-loop orders [19,20]. In this paper 
the divergences occurring in non- commutative QED will be explored whose 
structure is the same as that in Yang-Mills theories. For our purposes, 
the one-loop non-planar vertex correction will be investigated in order to 
identify the soft and non-commutative IR divergences as well as the collinear 
divergence or mass singularity. It will be shown that the soft divergences can 
be cancelled out by calculating the physical or measured cross section. This 
method will be applied to the logarithmic non-commutative IR divergences 
appearing in vertex correction. Another aspect of the present study is to 
show that this kind of divergence is also canceled out in the physical cross 
section if the energy resolution of detector is in the order of non-commutative 
parameter 6. Next, we will turn to an all order soft divergence cancellation 
using Weinberg's method. This method will be applicable if the triple 
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photon vertex is ignored. Otherwise, similar to Yang-Mills theories, the 
collinear divergences will appear up to the leading order in non- commutative 
QED. Therefore, it is necessary to deal with the KLN theorem in the non- 
commutative space. This theorem is proved in the case where unitarity is 
conserved {6iQ = 0). Armed with this proof, the soft and collinear divergences 
will be shown to cancel out to all orders in the non-commutative QED. 
Our motivation for considering KLN theorem in a non-commutative space 
was the following point: "In proceeding to higher loop orders, one faces the 
danger that the new IR divergences will mix with other divergences in an 
uncontrollable way, (in page 24 of Douglas and Nekerasov paper, [1])". 

This article is organized along the following lines. Section 2 presents 
the cancellation of soft and and non-commutative IR divergences in vertex 
correction by computing the physical cross section. Section 3 will provide 
the proof for the all order cancellation of soft divergences. Finally, in section 
4 a non-commutative version of KLN theorem will be introduced and the 
cancellation of collinear divergences to all orders will be investigated. 

2 Soft 

and Non-commutative IR Cancellation in 
the Cross Section 

In this section, we will consider a fermion-fermion scattering in non- 
commutative QED up to one loop order. The point here is to investigate the 
cancellation of soft and non- commutative IR divergencies appearing in the 
non-planar diagrams in the physical cross section. Therefore, non-planar one- 
loop corrections will be examined and the contribution of the cross section of 
the elastic scattering will be calculated with the emission of undetected soft 
photon with an energy < Ei, the energy resolution of the detector. Here an 
initial electron state |e) is degenerate with the state \e'y) (an electron with 
an emitted photon) when the photon is soft. The diagramatic expression of 
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the terms up to order o? in the total cross section of the fermion-fermion 
scattering is shown in Fig.(l). 
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Fig. 1: The diagramatic expression of the terms up to order o? in the 
total cross section of the fermion-fermion scattering. 

Denoting the physical cross section to order o? due to non-planar 
diagrams, we have 

C^pft = (^a + CTfe + 0"c + CTd + ■ ■ ■ + CTr (l) 

where o"a,o"b, ... are the cross sections associated with diagrammatic 
expression represented in Fig.(la,lb,...) and the Or denote the real-photon 
emission cross section. It is known that non-planar diagrams are UV finite, 
hence no need for the field renormalization constant. Below is the calculation 
of amplitudes and the total cross section. 



2.1 Soft, Non-Commutative IR and CoUinear 
Divergencies in the Vertex Correction 

The differential cross section in Fig. lb and its complex conjugate is 
proportional to quantity F as defined by, 

F = jJr[{T/>,+ m)7^(|(2+ m)7^]Tr[(^i+ m)(A^ + A;)(^2+ m)^,] (2) 

Where + A* is the one-loop non-planar vertex part and its complex 
conjugate. Using the Feynman rules for non- commutative QED given in 
[H] and [21], we will have, 

A + A* = 

2 f n ^ la f-^ + m 

i>-^ + ^ ... (3) 

{p — ky — m? + ie 

where k x q = k^O^^'^q^ and m is the fermion mass and yU is the fictitious mass 
for the photon to suppress the soft divergence. Here, the non-commutative 
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parameter 9^'^ is assumed to be just magnetic i.e. 6'*° = 0. Applying Feynman 
parameterizatin, we will have, 

A A* 2 /■ d'^k ^ /, X numerator 

K + K = J cos(A: X q) (4) 

where the denominator D is, 

D = (A;^ - /i^ + ig-jx + {{p' - kf -m^ + ie)y + ((p - kf - + ie)z 
= k'^ — 2k ■ {px + py) — zfi^ — m^(x + y) + xp"^ + yp^ + is (5) 

Now shift k to complete the square, 

I = k — xp' — yp (6) 

After a bit of algebra, drawing on mass-shell condition and q = p' — p, vie 
wiU obtain, 

D = l^ -A + ie (7) 

where 

A = xyq^-m^{l-zf-^i^z (8) 

Based on the on-mass-shell condition and the anti-commutation relation, the 
numerator in (4) can be written as. 

Numerator = m(p)4[7^(2/^) — f + p^{Amx — Amxy — Amy"^) 
+p^{Amy — Amxy — Amx ) + 7^ [2m [x + y) + m 
— 8m^(x + y) + 2q^(x + y — xy — l)]u{p') (9) 

At this stage, we will focus on performing momentum integration and 
handling the terms that will contain the non-commutative IR divergence 
[6] i.e. the first term. Using the formula given in j22], we can calculate 
the momentum integration. Below is the final result including the divergent 
term, 

(A^ + A;)nc-ir = -e' J dxdydz6{x + y + z- l)^-^{i-2^^)Ko{\q\VA) 
+finite terms} (10) 
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where \q\ = \J q^9^^^9y\q-^ and the subscript NC-IR mean the non- 
commutative IR divergent part. In the |g| ^0 hmit, we will have a 
logarithmic divergence, 

(A^ + K)ncir = -7m / dxdydz6{x + y + z - 1) ln(|g| A) + 

finite terms} (11) 

Now let us consider the ordinary (commutative) IR divergence in (3). In the 
— > limit for the last terms in (9) we have, 

f 47r^ 1 

-e^ J dxdydz6{x + y + z - 1)^^^^7m 

2g^(x + y -xy -1)+ m^(-8(x + y) + 2{x + yf + 1) (12) 

Within this limit, the soft divergences occur in the corner of the Feynman 
parameter space where z 1 (and, therefore, x ~ y ~ 0). In this region, we 
can set 2; = 1 in the //^ term in the denominator and for the sake of simplicity, 
z = 1 and X = ?/ = in the numerators. Taking the x integration by defining 
the new variables, the expression (12) will be simplified to, 

(A. + A;W. = -^(-^)>og(^)log(^) (13) 

There is no effect of non-commutative IR divergences in this region (the soft 
photon region) just as there are no soft divergences in the noncommutative 
IR region. The cross section for process shown in Fig.(la,b) for non-planar 
diagrams and its complex conjugate is given as. 



' da\ f da\ f da\ 

J total \(^^J NC-IR [d^Jsoft 



(14) 



which is equal to, 

-— / dzdydz6(x + y + z — 1) \n(\q\^/A) — — log ( — | log 
71 J 271 \ 1 



da 

dn 



2\ /_^^ 



(15) 
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where (^)^ denote the Born cross section. Here, certain constant terms 
have been ignored. In the next step, another divergence namely mass 
singularity (coUinear divergence) will be considered which occurs when mass 
of the external particles is equal to zero. The non- commutative IR divergence 
seems to be similar to mass singularity. Taking the m — * limit of (3) we 
get, 

(\ ^\*\ - f "^'^ ^ ^^"^^^ ^^^^ (^f^) 

lA^ + I^^)comnear J ^^^^^ _ - 2k ■ p) ^ ' 

where is as defined in (9). With due attention to the fact that, 
11/1 1 



> , (17) 

k'^ u \kQ — LJ + ie kf) -\- LJ — ie / 

with = |k| and performing the /cq integration on complex /cg-plane, we have 

/""" f did ^ 

(A^ + A*^)colHnear = 4716^ d{cOs6) J — COs(t^ ■ q) 

N' 

^ (18) 



/dui N' 
— cos(wg) / rf(cos^)- ^— - (19) 
OJ Jo 1 — COS"' 



(p Ip'I cosa)(po — IpI cosa 
where 6 is the angle between p' and k in the center of mass frame. In the 
A*"^, ko has been replaced with u. In m limit, in which we set the mass 
of external fermion to zero, we have p'q = p' and Po = P- So, 

du , r „ % 

W(^) 

Therefore, under the condition where photon momentum k is parallel to the 
external momentum p' (p), we face a divergence in the angular integral or 
collinear divergence. This kind of divergence is cancelled out in the physical 
cross section [17,18]. 

2.2 Divergence from Real-Photon-Emission 

Now we turn to the calculation of the non-commutative photon emission 
differential cross section dcTr- The non-planar diagramatics expression are 
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shown in Fig.(lr). In any real experiment, a photon detector can detect 
photon only down to some minimum energy resolution Ei. So in a real 
experiment, a scattered electron can not be distinguished from an electron 
accompanied by a soft photon with energy down to energy resolution Ei. 
We consider the diagrams for the emitted photon from external electron 
(figs.(l.rl,r2)). The calculation of follows. 



dar 



das 

d<7B 



d^k 1 
d^k 



E 



(27r)3 2ko 



m 



m 



+ 



p' ■ k 



2p ■ p' 



p ■ k 



cos 



' k X 



(20) 



[p' ■ kY {p ■ kY {p' ■ k){p ■ k) 

In the extreme relativistic limit, we consider only the third term. As 
already mentioned, the integration is in the soft region: < ko < Ei. In 
order to make the integration well defined, we introduce a very small fictitious 
mass /i for the photon which plays the role of a lower cutoff for the integral. 
So the expression (20) is simplified to. 



dar = da 



a r^i dkn 



B 



I cos 



^k X 



where 



IT Jfi ko 2 
dQ |k|2(2m2 - g2) 



(21) 



(22) 



Att {k-p'){k-p) 

Note that the quantity / is independent of /coi so, by performing the solid 
angle integration, in the high energy limit — oo, we obtain, 

,2 



/ = 21og(^) 



(23) 



Therefore, the cross section (^)^ {p ^ p' + ^{k < Ei)), will read as. 



' da^ 

dn 



da\ a 
dn) 2n 



E}, -q^' 



log log ■ 



(24) 
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The non-commutative parameter disappears when the integration is 
performed in the soft region. The cancellation of soft divergence in the 
vertex correction Fig(l.b) is also to be examined. As discussed earlier, on 
the scale of ordinary (commutative) QED, the cross section in a scattering 
event measured by the detector with a specific energy resolution, is given by. 



measured 



l{k < El)) 




We see that the soft divergence has been canceled out in this process, which 
is in agreement with the result from [23]. This is a reliable method that 
works very well on this scale. 

In what follows, this method will be applied to the non- commutative 
region. In a non-commutative theory, for example non- commutative QED, 
we investigate the theory on non-commutative scales. So it will be reasonable 
to set the energy resolution of detector Ei in the order of non- commutative 
parameter 9. We define the "non- commutative soft photon region" as 
< fco = 



|kp + < El ~ where u; is a constant with dimension 

{energy)"^. In this non-commutative region, a single-electron state can not be 
distinguished from an electron state accompanied by the soft photon. So for 
the cross section of the photon emitted from the external electron we have. 



da 



NC-r 



aaB — 



dko 



I COS 



k X k 



(26) 



ko' \ 2 ^ 

The remaining integration is performed in the g — and nonrelativistic limit 
and the final result of the cross section is obtained as follows, 




NC- 




(27) 
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and therefore, 

f da\ 



- I ~ finite. (28) 

measured 

in which the measured cross section is free of both soft and non-commutative 
IR divergences. So because of the existence of non- commutative soft 
photon, no non-commutative IR divergences of the vertex correction are 
observed. The quadratic and logarithmic non-commutative IR divergences 
that comes from new IR non-Abelian vertex and vacuum polarization 
corrections (Figs.(lc,ld,...)), may be cancelled out using other methods. For 
example, one may use the infrared rearrangement method [24] to cancel these 
non-commutative divergences. This method is used in scalar field theories, 
where the IR divergences will appear when masses and external momenta are 
all equal to zero. The non-commutative IR divergences are similar to this 
kind of divergence. 

3 The Cancellation of the Infrared 
Divergence to All Orders 

The structure of non-commutative QED is the same as Yang-Mills theories. 
We expect that at least in non-commutative space (^jo = 0) where the 
unitarity is confirmed, the soft and collinear divergences are cancelled out to 
all orders as do in the Yang-Mills theories. In ordinary QED, one approach 
is the cancellation of soft divergence in on-shell renormalization scheme in 
which the soft divergence in Zi, the vertex rescaling factor cancels against 
another from Z2, the field-strength renormalization constant as a result of 
the renormalization constant Ward identity {Zi = Z2) pB]. The result is 
general and can be extended to all orders. This method is not appropriate in 
non-commutative QED since in this theory Zi ^ Z2 However, we will 

present an all-order proof of the cancellation using Weinberg's lucid method 
In this part, the non-planar vertex correction and the terms with the 
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largest logarithmic enhancement at each order of perturbation theory will 
be discussed. It should be noted that the soft divergences from the other 
non-Abelian diagrams are finite. Let us first consider the outcoming electron 
line with n soft photon attaching to it as shown in Fig. 2 




Fig. 2: The n soft photons attached to an outcoming electron. 

The amplitude of this diagram is, 
Eperm ^(^2) (-«eei)e^^'i 
x(— iee2)e5* 



.perm ^Kt^zjK -^i;-- _ 



2p2 ■ ih + k2) 



perm 

P2 • ei P2 • £2 P2 ■ en _i . , . 

%..fcP.. (fa + *,)■■■ p.. (fa + .-. + M"'^'""'^'' 

14 



where = e{ki) is the polarization with i = 1,2, n and by "perm" we mean 
all the possible permutations of index {1,2,. ..,n) . Applying the Eikonal 
approximation, we assume that all the kiS are soft and so drop the O(fc^) 
terms in the denominators and the ki in the numerator. We must hold the 
exponential in an all-order treatment; however, the terms like ki x kj can 
be ignored (compared to terms p2 x ki in the exponential). The sum of 
permutation can be performed by means of the following formula, 

^11 1 11 1 , , 

pi^mP- kiP- iki + k2) p- {ki + ... + kn) p-kip-k2 p ■ k^ 

The proof of this formula follows from mathematical induction on n. 
Applying (30) to (29), we find the coefficient of (^Tq) as 

u(p2)e - — : ■ ■ ■ — e2P2xiZ^,=i««i (31) 

P2 ■ kiP2- k2 P2 ■ kn 

A similar set of manipulations simplifies the sum over soft photon insertion 
on the incoming electron line (Fig. 3), 
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Fig. 3: The n soft photons attached to an incoming electron. 

In this case, we get an extra minus sign in the factor for each photon, 
since in the denominator we have (pi — J2 k)"^ — m? —2p ■ Also in 

the exponential, we have an extra minus sign. It is now straightforward to 
obtain the replacement rule for n soft photons attached to electron lines 
with all possible partitions (rii, n2, ...,nM) of soft photons with the constraint 
J2iLi = iT-^ shown by a typical diagram in Fig. 4, 




Fig. 4: A typical diagram with n soft photons attached to N external 
electrons. 

The extra factor for this attachment is 

En^^^^e^'^'^-^'^ (32) 

i=l 1=1 Pi ■ 1^1 

where t] is the signature factor defined by ?7 = ±1 for incoming and 
outcoming electrons respectively. 
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The non-commutative transition amplitude with external electrons and 
n soft photons can be written in the following form 

= To n er^.^e^^'^^"- (33) 

To is the transition amplitude without photon line in the non- commutative 
space. The transition rate ujn for emitting n photons in the non-commutative 
QED is given by 

where X^poz means sum over polarizations and is performed using —gfj,p in 
place of Y.^^i^*u- The soft photon region R is defined as 

i?={fci,...,/c,;X]A;zo<^J (35) 

1=1 

where Ei is the energy resolution of the detector. After summing the 
polarization, we obtain, 

with Qij = Pi — Pj. For example, when the number of external electrons is 
= 2, we have Qij = q, the momentum transfer. The physical transition 
rate u for A^-electron process is given by adding all orders. 



UJ 



n=0 

oo 1 N 
n=0 i,j=l 



X 



J kio kno 

where ttj is the angle between kj^ and Qj^. The step function 6 is defined 

as, 

e u; - cu' = / dx = - / dx e*"^ 38 

2txi j-oo X + le 71 J-oQ X + le 
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and 

Here dQ is the 6, are angles describing if. By applying Feynman 
parameterization, it is easy to confirm that the quantity / is independent 
of ko and is a function of pi -pj. It is straightforward to see that the quantity 
Qj,- cos (a) will be cancelled out when we take the integration over kio, 



fEi dfco jfcox ||Q,^.|fcocos(a) ^ f ' »fco ifco(x+l + |Q,Jcos(a)) 
■'M fco / t„ 

^ln(A;o(a; + ^|Q,^.|cos(a)))|f 

= In ^ (40) 

The physical transition rate for emission of any number of soft photons is 
therefore, 

. = |T„pi r rf.i!^i^exp f/ln(^)) = |T„P f^)' (41) 

Let us now consider the situation in which there is no external photon line. 
We turn to the virtual photon line participating only as an internal line in 
Tq. Denoting by t„ the transition amplitude of TV-electron with insertion of 
n internal photon lines (Fig. 5), we have, 

oo 

To = ^ t„ + finite terms (42) 

n=0 
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+ finite terms 



Fig. 5: Diagramatic expression of the fact that the soft divergences emerge 
only through the internal photon lines. 

For each virtual photon attached to two external electron lines (Fig. 5) 
we obtain the following expression for the amplitude 

2 J [ZTTjH m — 'Pi+f m — pj— q 

~Fi(2vr)Pfe-fc)(p,-fc)^°' ^^^^ 

where V denotes the soft photon region fi < kQ < A and to = u{pi)MQu{pj) 
is the amplitude corresponding to the core diagram (The dark blob in Fig. 
5, indicates that part of the full diagram having no infrared divergences and 
is called the core diagram). The factor ^ is required since our procedure 
counts each Feynman diagram twice. The explicit expression for ti and thus 
tn reads in general as, 

' V {2Ti)Hk^ + te2j-{p,-k){prk) ^ ' 

and 

1 

in — if)—, 

n\ 



d^k 



N 



{2n)H k^ + te2^ {p,-k){pj-k) 



(45) 
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where the factor ^ comes as a result of symmetry considerations in attaching 
the n internal photon to external electron lines. From (42), equation (45) 
leads to 

To = toe* (46) 

where the factor g is defined as, 

^ J i27r)H k^ + tei-{p,-k){pj-k) ^ ^ 

Squaring Tq, we have, 

\To\' = \to\ 'e^'' (48) 



Using the fact that. 



^ ^ in6{e) (49) 



+ is k"^ 

with P indicating the principal value, we have, 

Reg = f ffr2e^vr^(P) "^'Yv ' ""^^ ''""^l^^^ " ^) 

= - sin(lQ,^. ■ A;o)/ ^ -/ In(-) (50) 

where / is as defined by Eq.(39), so 

|ToP = |top(^y (51) 

Now with inserting |Top into the equation (41), we confirm the finiteness of 
the physical transition rate as /i — > 0, 

^^^tAH'i)'{^\' = MH^)' (52) 



AJ \fi J ' ' V A 

This cancellation can also be checked order by order. Note that in the 
above argument we have confined ourselves to the soft photon region in 
which the non-commutative IR divergence disappears. Note also that the 



20 



diagrams involving triple photon emission have not been dealt with here. 
Such processes are completely novel and lead to coUinear divergences whose 
cancellation requires such general theorems as KLN. In the next section we 
turn to this theorem in non-commutative space. 

4 The Kinoshita-Lee-Nauenberg Theorem in 
Non- Commutative Space 

We showed that in the non- commutative theories with massless gauge fields as 
commutative ones, there are both IR and mass divergences. In some Feynman 
diagrams with triple photon splitting, there exists another kind of coUinear 
divergences. Some methods have been introduced to cancel these divergences 
in Yang-Mills theory, for example in QCD, a constructive approach leading 
to a soft-finite asymptotic dynamics which produces a set of asymptotic 
states with a S*- matrix operator with soft finite elements [29]. These states 
are essential generalizations of the coherent states. This is a perturbative 
procedure and has been developed in analogy with that used in the Abelian 
case. Moreover, there is a fundamental quantum mechanical theorem greatly 
advanced by the works of Kinoshita ^7] and Lee and Nauenberg ^H] (KLN 
theorem [25]) that provide the standard theoretical response to the problem 
of coUinear and soft divergences. For clarity, we assume the problem contains 
a certain parameter fi and the degeneracy occurs in the total Hamiltonian 
only when fi ^ [25] . For example in non-commutative QED fi can be mass 
of the photon. 

As they have shown, the occurrence of such divergences are consequence 
of high degree of degeneracy in the system. The cancellation of these 
divergences can be established without any explicit use of Feynman graghs, 
nor even the explicit form of the Hamiltonian [17,18,25]. 

This theorem and also the coherent state approach are based on unitarity. 
In this paper, we will try to prove the non-commutative version of KLN 
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theorem on the condition that unitarity is conserved i.e. 9io = 0. This 
theorem reads as follows : 

In a non- commutative field theory with only space non-commutativity with 
massless fields, transition rates are free of the soft and collinear divergence 
if the summation over the initial and final degenerate states is carried out. 

The degenerate states means, for example, the states with an electron 
and soft photon belonging to the same energy eigenstate as that of a 
single electron in the limit of vanishing photon energy. The proof of 
non-commutative version of KLN theorem is straightforward. We begin 
by investigating the structure of S-matrix in the interaction picture on 
noncommutative space. In the interaction picture, the Schrodinger equation 
for the state in the natural unit system is, 

i^^\a,t)=gH,^'~^\a,t) (53) 

where Hq is the free Hamiltonian and Hj^ is the interaction term in which 
the common product between fields has been replaced by ^-product. For 
example, in the field theory context gHj^^ can be of the forms e / d'^x'y^ijj -k 
T<c ip. Defining a unitary operator 

U{t,to) = r{exp(-i f' dXHj'^^\\))} (55) 

J to 

where T denotes the time-order product, the time evolution of the state \a, t) 
can be described as 

\a,t) = U{t,to)\a,to) (56) 
Also the U{t,to) satisfies the same differential equation, 

t^U{t,to) = gH/'^U{t,to) (57) 

Now with the initial condition U(to,to) = 1, equation (57) can be solved to 
obtain the S'-matrix which is defined as [30], 

S = U (— oo, oo) 
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g Lll! r dt^ r dh... r dU.T{Hj^'\h)H/'\t2)...H/'\tr,)} 



n=0 

= T |exp(-z j dtHj^'^\t))^ (58) 

Providing that 9io = 0, the S'-matrix is unitary: S'^S = SS'^ = 1. So also, 
we have 

S = U{-oo, 0)f/(0, oo) = U\0, -oo)f/(0, oo) (59) 
So for the transition rate K/IS*!?)!^, we get 

K/|?7t(0,-oo)f/(0,oo)K)|2 (60) 

In order to see the origin of the IR divergence from the initial and final 
degenerate states explicitly, we separate the transition rate into two parts: 
one including only the final state |/) and the other including the initial state 

|(/|f/t(0,-oo)f/(0,+oo)|z)p = EE(^™';)*^™n (61) 

m n 

where 

= (m|f/(0,+oo)|/)*(r2|f/(0,+oo)|/) (62) 

= (m|t/(0, -oo)K)*(n|t/(0, -oo)|^) (63) 

For problems in field theory, one may imagine (61) as cutting rules. Now 
let us examine the problem by expanding U up to order g and performing 
the time integration, from which we will have 

R^n = Sn^fS^f - - ^:;^^;T^e^-^ ^^^^ 

R - - A A - 9HH\%y e _ gmi'^lf) , .... 

hm — h,i+ le hin — -tii — IE 

where is the eigenvalue of for the state acting on state |r). In an 
example of scattering, the states |m) and |/) in i?"*" may be an electron 
state |e) and the state including an electron and an emitting photon |e7). 
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respectively. If the emitting photon is soft or coUinear, the states |e) and |e7) 
will have the same energy eigenvalues and are degenerate. So in (64) and 
(65) the denominators will be divergent and we face an infrared divergence. 
Suppose D{E) is a subspace of the Hilbert space with all degenerate states 
with energy E (/i ^ 0). 

We may consider the case of soft divergence in non- commutative QED. 
So the parameter /i can be the photon mass and D{E) can be consisted of 
any photon whose energy is < Ei. Then in the quantity 

y: e iH^i^)r, (66) 

meD{E) neD{E) 

the IR divergences are absent. To prove this from (61), it is sufficient to show 
that Y.reDiE) ^mn from the IR divergence. The proof is easy and to 

order g and all orders of 6 the non-commutative parameter is given from 

ERL =0 tf m,n ^ D{E) 
g{m\Hf\n) 



Em- E Tie 
g{n\Hf'^\m) 



if m ^ D{E) and n e D{E) 
if m e D{E) and n / D{E) 



En- E±ie 

= if m,n e D{E) (67) 

Hence (and consequently Eq. (66)) are finite up to order g. The 
generalization of this proof to all orders of g is not difficult. It should 
be noted that in the above we have essentially used the unitarity of the 
operator U; i.e., the condition 6iQ = 0. The non-commutative KLN theorem 
guarantees the cancellation of both collinear and soft divergences at each 
order of perturbation theory. 

5 Conclusion 

In this paper, the possibility of the non-commutative IR divergence 
cancellation at one-loop order in physical cross sections was studied. We 
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defined a non-commutative soft photon wliicli the detector could not see in 
the non-commutative scales. It has been demonstrated that in a scattering 
process computed up to one-loop order, if we consider the non-commutative 
soft photon emission, the non-commutative logarithmic IR divergence in 
the vertex correction will be cancelled in the cross section. However, there 
are additional non-Abelian type diagrams in which their non-commutative 
logarithmic and quadratic divergences can not be canceled out using the 
cross section method. This non-cancellation is attributed to an important 
difference between soft and non-commutative IR divergences. The soft 
divergences are associated with the classical limit but non-commutative 
IR divergences are completely a quantum mechanical effect. We have 
further shown the soft divergences that only appear in the non-planar vertex 
correction to be cancelled out in the physical cross section to all orders. To 
prove this cancellation, the Weinberg's method was used. In an all order 
treatment, we also have examined the diagrams involving the triple photon 
splitting that led to coUinear divergences similar to Yang-Mills theories. Some 
general theorems such as KLN guarantee that the transition rates are free 
from this kind of divergence if we sum over initial and final degenerate states. 
In this paper, we studied the KLN theorem in the non-commutative space 
{6io=0). According to this theorem, the non-commutative QED will be free 
of coUinear divergence. 
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